A feebly interacting massive particle (FIMP), contrasting with a weakly interacting massive particle (WIMP), is an intriguing dark matter (DM) candidate. Light (keV-scale) FIMP DM is of particular interest: its radiative decay leaves a line signal in x-ray spectra; and it is warm dark matter (WDM) and alters the galactic-scale structure formation of the Universe from that with WIMP DM. Once a possible x-ray line is reported (e.g., 3.5 keV line and 7 keV FIMP DM is inferred), one has to check whether or not this FIMP DM is compatible with the structure formation. Here is an issue: the structure formation constraint on WDM is often reported in terms of the so-called thermal WDM mass m WDM , which cannot be directly applied to FIMP parameters. In this paper, we introduce a benchmark FIMP model that represents well a broad class of FIMP models. A big advantage of this benchmark is that we can derive the analytic formula of the non-thermal phase space distribution of FIMPs produced from freezein processes. By further deriving a certain "warmness" quantity, we can analytically map m WDM to FIMP parameters. Our analytic map indicates that 7 keV FIMP DM, without entropy production or a degenerate spectrum, is in tension with the latest Lyman-α forest data. Our analytic map will be very useful for future updates of observational constraints and reports of x-ray lines. It is also very easy to incorporate our analytic formula into a Boltzmann solver so that a linear matter power spectrum is readily accessible. Our benchmark model will facilitate FIMP searches and particle physics model-building.
Introduction
Dark matter (DM) will provide important clues of physics beyond the standard model (BSM) once its particle nature becomes revealed (see Ref. [1] for a review). For past decades, a weekly interacting massive particle (WIMP) has been the most attractive candidate of DM. Its origin is naturally identified in electroweak-scale BSM scenarios that address the hierarchy problem, such as supersymmetric extension of the SM. Extensive experimental and observational searches of WIMPs have been conducted (see, e.g., Refs. [2, 3] for recent reviews). Despite such efforts, however, the WIMP signal has not been reported yet. Moreover, the Large Hadron Collider (LHC) experiment has pushed up a new-physics scale to TeV, degrading naturalness-oriented BSM scenarios and thus also WIMPs. This situation prompts us to consider an alternative to WIMP DM more seriously.
Feebly interacting massive particle (FIMP), which only feebly interacts with the visible sector, DM is an intriguing alternative to WIMP DM. FIMPs are produced by the decay and/or scattering of the particles in the thermal plasma, but unlike WIMPs, they never attain the equilibrium with the plasma particles due to the feeble interaction. This production mechanism is called freeze-in, where FIMP production is efficient at low energy and thus the resultant yield is insensitive to unknown high-energy physics [4] (see Ref. [5] for a recent review). 1 Light (keV-scale) FIMP DM has distinctive features. In contrast to a WIMP, a light FIMP can be DM without any new symmetry for its stability since a small mass in combination with feeble interaction makes the FIMP sufficiently long-lived. Moreover, rare decay of FIMP DM may be detected by x-ray searches. Indeed, there was an report of an unidentified 3.5 keV line in x-ray spectra of Chandra and XMM-Newton.2 Decay of 7 keV FIMP DM may explain the unidentified xray line. Meanwhile, such light FIMP DM is constrained by the galactic-scale structure formation of the Universe since it behaves as warm dark matter (WDM). In particular, Lyman-α forest observations provide stringent constraints on WDM [33] [34] [35] [36] [37] [38] [39] [40] . Observations of redshifted 21 cm signals are also promising probes of WDM [41] [42] [43] [44] [45] [46] [47] .3 It is very natural to ask whether or not (for instance 7 keV) FIMP DM is compatible with these constraints.
On the other hand, it is not easy to answer this question. Observational constraints are often reported in terms of the thermal WDM mass m WDM . The current strongest limits from Lyman-α forest data and redshifted 21 cm signals in EDGES observations [86] are, respectively, m WDM > 5.3 keV [40] and m WDM > 6.1 keV [44, 45] (up to a galaxy formation model [46, 47] ). In the conventional thermal (or early decoupled) WDM model, the WDM temperature is determined such that the thermal relic abundance coincides with the observed DM mass density. For example, for m WDM = O(1) keV, the WDM temperature is set to be ∼ 10 times lower than the neutrino temperature. Thus, for the equal mass, the thermal WDM is colder than FIMP DM (see below and also Ref. [87] ).
In order to constrain FIMP DM, we need to repeat the following procedure [88] in a model-bymodel manner:
Model → DM phase space distribution → Linear matter power spectrum → Observables.
It requires multidisciplinary expertise from particle physics to (computational) astrophysics. The last step is also time and computational resource consuming. Therefore, it is natural to develop some map from m WDM onto FIMP parameters. As an example, one somehow compares the linear matter power spectra in the both models (see below and also [89] ), while omitting the last step in the above procedure. As another example, one compares some "warmness" quantity that is calculable from the DM phase space distribution [90] [91] [92] [93] [94] (see below and also [95] ). Then, one omits the last two steps, but still has to compute the phase space distribution of FIMPs by integrating the Collision term of the Boltzmann equation [96] [97] [98] [99] [100] [101] [102] [103] .
In this paper, we introduce a benchmark model of a FIMP, where the phase space distribution is analytically expressed in terms of the FIMP parameters. We also express the warmness quantity in terms of the FIMP parameters. We derive constraints on the FIMP parameters from several lower bounds on m WDM . By using the analytic formulas, we also check the validity of deriving the constraints from the warmness quantity, by comparing the result with that derived from the linear matter power spectra. Since the model shares common features with a broad class of FIMP models (2-body decay and 2 → 2 scattering), one can take advantage of this model to infer a (rough) constraint on other FIMP models.
This paper is organized as follows. In the next section, we introduce our Benchmark FIMP model. We provide the analytic formula of the phase space distribution. In Sec. 3, we introduce our warmness quantity and provide its analytic formula in terms of the FIMP model parameters. We derive constraints on the FIMP model parameters from the reported lower bounds on m WDM . We devote Sec. 4 to a summary and discussion. In Appendix A, we derive the constraints on the FIMP model parameters by comparing the linear matter power spectra and compare them with those obtained from the warmness quantity.
Setup

Benchmark FIMP model
We consider Majorana fermion DM χ, which feebly interacts with a Dirac fermion Ψ and a complex scalar φ. φ also couples to a Dirac fermion f in the thermal plasma. 4 The Lagrangian relevant to freeze-in production of χ is
where y χ and y f are Yukawa couplings. We assume that Ψ is in equilibrium with the thermal plasma. In the following, we consider the mass spectrum of m χ , m f m φ < m Ψ .5 Due to the feeble interaction with the other particles, y χ 1, χ is not in equilibrium with the thermal plasma. Meanwhile χ is produced by freeze-in processes:
• 2-body decay:
The scattering processes are mediated by φ. The freeze-in production is most efficient when the heaviest particle in the process becomes non-relativistic. After that the production is suppressed by the Boltzmann factor. Thus we define the decoupling temperature T dec = m Ψ .
Phase space distribution
We define the DM phase space distribution such that the DM total number density is given by
where t is the cosmic time, p is the physical momentum, and g χ = 2 is the DM spin degrees of freedom. The phase space distribution follows the Boltzmann equation. It is generically very challenging to solve the Boltzmann equation. On the other hand, due to the feeble interaction, one can linearize the Boltzmann equation in terms of f χ . First, since χ free-streams after the production, its momentum is just redshifted. Thus it is convenient to describe the phase space distribution as a function of q = p/T χ . The temperature of χ is defined by
where g * s is the number of effective massless degrees of freedom for entropy and T is the plasma temperature. Second, in the collision term, one can set f χ 0. Thus, the collision term is reduced to a sum of the collision term of each production process. One can obtain the resultant phase space distribution from each production process as
is the collision term of that process with f χ 0 (see Ref. [87] for explicit expressions). For other particles, we neglect the Pauli-blocking and Bose-enhancement effects, 1− f 1, and approximate the thermal distribution by the Maxwell-Boltzmann distribution:
with the reduced Planck mass M pl . We ignore the temperature dependence in the number of effective massless degrees of freedom for energy g * (T) and instead use a constant g * (T dec ) since the freeze-in production is most efficient at T ∼ T dec = m Ψ . For the same reason, we set x i = 0 and x f = ∞. Now one can perform the time integral in Eq. (4) analytically. Here are the resultant phase space distributions from each production process:
where r = m φ /m Ψ and Erfc(x) is the complementary error function defined by
The above formula of the phase space distribution from the 2-body decay is consistent with that in Refs. [102, 103] . For the 2-body decay, the phase space distribution is sensitive to the mass degeneracy: for r → 1, it becomes very cold (a large population at a low momentum), while the yield is suppressed by the factor of (1 − r 2 ) 2 . On the other hand, for the t-channel scattering, the mass degeneracy affects only the yield slightly: the shape and thus warmness of the phase space distribution is independent of r. For the s-channel scattering, r-dependence is complicated: the phase space distribution becomes slightly colder for r → 1. These scattering processes play a role when r is close to unity and y f is O (1). We show sample spectra for r = 0.2, 0.5 and 0.9 in Fig. 1. 6The first approximation slightly changes the peak position of q 2 f (q), but the effect is at most O(1) % [87] . The second approximation only affects the overall yield. 
Constraining light FIMP DM from a warmness quantity
The constraints on WDM from the structure formation of the Universe are often reported in the conventional thermal WDM. Like neutrinos, the thermal WDM particles follow the Fermi-Dirac distribution with the spin degrees of freedom being 2: f WDM (t, p) = 1/(e p/T + 1) and g WDM = 2, and hence the relic abundance is parametrized by its temperature T WDM and mass m WDM as
For a given thermal WDM mass m WDM , T WDM is fixed such that the thermal relic coincides with the observed DM abundance. In the second equality, we have used Eq. (3) and g * s,WDM = 106.75 counts all the SM degrees of freedom. Note that g * s,WDM ∼ 7000 is required for m WDM ∼ 7 keV to achieve Ω WDM h 2 ∼ 0.1 and thus some entropy production is implicitly assumed. In this work, among the reported constraints from Lyman-α forest observations, we use m WDM > 5.3 keV [40] as a stringent bound and m WDM > 2.0 keV [33] as a conservative bound. In order to constrain the light FIMP DM, in principle, we need to repeat the process of Model → DM phase space distribution → Linear matter power spectrum → Observables.
It is very easy to obtain the linear matter power spectrum from the phase space distribution (second step). One can incorporate Eqs. (6)- (8) into a Boltzmann solver like CLASS [111, 112] in a straight forward manner. But calculating observables still requires hard and time-consuming efforts. Instead, in this paper, we map the reported constraints on m WDM onto the FIMP parameters.
Warmness quantity
We introduce the following warmness quantity of DM, which is calculable from the phase space distribution [95] :
This characterizes the sound speed and thus the Jeans scale of DM [95] . We can construct a map between FIMP parameters and thermal WDM mass m WDM by equating the warmness: σ χ = σ WDM . The temperature of χ is given by Eq. (3), while the temperature of WDM (equivalently g * s,WDM ) is fixed to reproduce the observed DM abundance by Eq. (10). Then we obtain m χ = 7 keV m WDM 2.5 keV 4 3 σ χ 3.6
106.75
where the shape of the FIMP phase space distribution, f (q) (see Eqs. (6)- (8) and Fig. 1 ), is imprinted throughσ χ . Note that the thermal WDM, where WDM particles follow the Fermi-Dirac distribution, hasσ WDM 3.6. The netσ χ is a yield-weighted sum of the warmness of the phase space distribution from each production process:
where in the present model, eachσ 2 is calculated from Eqs. (6)-(8) analyticallỹ
The DM yield (number density per entropy) is also analytically calculated as
where M 1 = 45/(2π 2 )M 0 with M 0 given by Eq. (5). Prefactors count the number of particle species (Ψ/Ψ and f /f ). One may wonder to what extent this map works well. In Appendix A of Ref. [88] , the constraints obtained from direct modeling are compared with those derived from the warmness quantity. They agree with each other up to ∼ 10% in the lower bound on the FIMP mass. Furthermore, we compare the constraints obtained here with those derived from the linear matter power spectra in Appendix A. Again we find the maximum difference is up to ∼ 10%.
Obtained constraints
Now it is straightforward to derive a constraint on the FIMP parameters with the help of the map given by Eq. (13) . In the top (bottom) two panels of Fig. 2 , we show the Lyman-α forest constraints corresponding to m WDM > 5.3 keV (m WDM > 2.0 keV). In the figure, we use the notation of m DM = m χ , m 1 = m Ψ , and m 2 = m φ for a general use. The gray-shaded regions of the left panels, corresponding to r > 0.95, is not included since thermal effects may be important for such a degenerate spectrum [113] .
In the left two panels, we assume that FIMP DM is produced predominantly by the 2-body decay. We use g * s (T dec ) = 106.75 × ∆, where ∆ parametrizes the amount of the entropy production. For example, ∆ = 1 (0.1) is taken if FIMP DM is produced most efficiently around the electroweak phase transition (neutrino decoupling) and no entropy production occurs later. For each ∆, the region below the line is disfavored by the Lyman-α forest constraints. In particular, we see that the latest lower bound, m WDM > 5.3 keV, disfavors 7 keV FIMP DM produced by freeze-in of the 2-body decay, unless entropy production occurs after the production or a degenerate mass spectrum (m 2 /m 1 0.75) is taken.
In such a degenerate mass spectrum, the decay width of Ψ → φ χ is so suppressed that the scattering contribution to the yield may become relevant. As we mentioned around Eqs. (6)-(8), the phase space distribution from the scatterings does not get that cold as m 2 /m 1 = r → 1 in contrast to that from the 2-body decay. In the right two panels, we show the constraints on FIMP DM produced by 2-body decay + scattering, while fixing ∆ = 1. We use the notation of
, the lower bound on FIMP mass is obtained, indicated by the solid contour. As long as the scattering contribution is negligible, (Y scat /Y total 0), 7 keV FIMP DM with m 2 /m 1 > 0.75 is allowed even by the Lyman-α forest constraint corresponding to m WDM > 5.3 keV (top panel). Once the scattering contribution exceeds about 10 % of the total DM yield, FIMP DM becomes hotter and is disfavored by the Lyman-α forest constraint corresponding to m WDM > 5.3 keV (top panel). This demonstrates the general trade-off between the FIMP warmness and yield: FIMP DM gets colder for a more degenerate mass spectrum of particles involved in the decay channel; but at some point, the scattering contribution to the yield becomes relevant and FIMP DM gets hotter for a further more degenerate mass spectrum. FIMP DM cannot be arbitrarily cold. 
Summary and discussion
A light (keV-scale) FIMP is an intriguing alternative to a WIMP as a DM candidate: it is sufficiently long-lived without any symmetry and its rare decay is detectable in x-ray observations; and it behaves as WDM in contrast to CDM and alters the galactic-scale structure formation. It is essential to combine on-going and in-coming x-ray observations and measurements of the galacticscale structure. On the other hand, it is not straightforward to derive a constraint on FIMP parameters from the structure formation. One has to repeat the following hard procedure on a model-by-model basis:
To improve the situation, in this paper, we have introduced a benchmark model of FIMP DM. A big advantage of this FIMP model is that the analytic formula of the phase space distribution of FIMPs is available (first step). It is easy to incorporate our analytic formula into a public Boltzmann solver like CLASS and thus obtain the linear matter power spectrum (second step). Therefore in this benchmark model, we can save the first two steps to derive constraints from observations. Our benchmark model will facilitate FIMP searches in the structure formation of the Universe.
Moreover, we can take a further simplification to derive a constraint: introducing a certain warmness quantity. We have developed a map between the thermal WDM mass m WDM and the FIMP parameters by equating the warmness quantity. By using this map, one can derive constrains on the FIMP parameters from the reported lower bounds on m WDM . We have indeed derived a constraint from the latest Lyman-α forest data (m WDM > 5.3 keV). Our results indicate that 7 keV FIMP DM, without entropy production or a degenerate spectrum, is in tension with the latest Lyman-α forest data.
Our analytic map will be very useful when another x-ray line signal is found and/or constraints from the structure formation are updated in future. One can just adopt our analytic map in our benchmark FIMP model as an approximation of his/her own FIMP model. Then, it is very easy to check (or more precisely infer) whether or not a FIMP DM explanation to the signal is compatible with the structure formation of the Universe. This does not cause a big difference from the above direct modeling, unless one does not need a precise value (likely the case in particle physics modelbuilding). We also note that in such a case, one opts for direct modeling, but needs to control (typically larger) systematic errors of modeling and astrophysical processes. Our analytic map will facilitate FIMP model-building.
A Warmness quantity v.s. linear matter power spectrum
The constraints in Sec. 3.2 are obtained from a map given by Eq. (13) between m WDM and the FIMP parameters. This map is constructed from the warmness quantity given by Eq. (11), which is calculable from the phase space distribution. Here, we adopt another way to map the reported constraints on m WDM onto the FIMP parameters.
It is based on the comparison of the linear matter power spectra. For that purpose, we define the transfer function as
and the half mode k 1/2 as
We regard a given FIMP model parameter set as disfavored if k 1/2, χ < k 1/2,WDM .
We incorporate the analytic formula of the phase space distribution (6)- (8) in CLASS, and compute the linear matter power spectrum at present with the cosmological parameters from "Planck 2015 TT, TE, EE+lowP" in Ref. [114] . Then we identify the half mode k 1/2 from the resultant linear matter power spectra. 
